A condition is identified which guarantees that the coinvariants of a coaction of a Hopf algebra on an algebra form a subalgebra, even though the coaction may fail to be an algebra homomorphism. A Hilbert Theorem (finite generation of the subalgebra of coinvariants) is obtained for such coactions of a cosemisimple Hopf algebra. This is applied for two coactions α, β : A → A ⊗ O, where A is the coordinate algebra of the quantum matrix space associated with the quantized coordinate algebra O of a classical group, and α, β are quantum analogues of the conjugation action on matrices. Provided that O is cosemisimple and coquasitriangular, the α-coinvariants and the β-coinvariants form two finitely generated, commutative, graded subalgebras of A, having the same Hilbert series. Consequently, the cocommutative elements and the S 2 -cocommutative elements in O form finitely generated subalgebras. A Hopf algebra monomorphism from the quantum general linear group to Laurent polynomials over the quantum special linear group is found and used to explain the strong relationship between the corepresentation (and coinvariant) theories of these quantum groups.
Weakly multiplicative coactions
First, we identify a condition that is frequently satisfied by coactions even when they are not algebra maps, and which guarantees that the coinvariants form a subalgebra.
Let A be a k-algebra and let O be a Hopf algebra over k. Let ∆, S and ε denote the comultiplication, antipode and counit maps of O, respectively. If β : A −→ A ⊗ O is a right coaction, then we say that β is left weakly multiplicative if β(ab) = β(a)β(b) for all b ∈ A, provided that β(a) = a ⊗ 1. Similarly, β is right weakly multiplicative if β(ab) = β(a)β(b) for all b ∈ A, provided that β(b) = b ⊗ 1. The following trivial lemma shows that it is useful to identify when a right coaction is left or right weakly multiplicative. Lemma 1.1 Let A be a k-algebra and let O be a Hopf algebra over k. If β : A −→ A ⊗ O is either a left or right weakly multiplicative right coaction then the set of coinvariants A β-co-O = {c ∈ A | β(c) = c ⊗ 1} forms a subalgebra of A.
Proof. All that needs to be proved is that the product of two coinvariants are a coinvariant. Let a, b be coinvariants, so that β(a) = a ⊗ 1 and β(b) = b ⊗ 1. Then β(ab) = β(a)β(b) = (a ⊗ 1)(b ⊗ 1) = ab ⊗ 1, as required, by using the left or right weakly multiplicative condition, as appropriate.
Next, we show how to construct some left or right weakly multiplicative right coactions which, in general, are not algebra homomorphisms.
We fix the following notation. Let A be a k-algebra and let O be a Hopf algebra over k. Suppose that λ : A −→ O ⊗ A is a left coaction and that ρ : A −→ A ⊗ O is a right coaction, and that both λ and ρ are algebra homomorphisms. Suppose further that λ and ρ commute, in the sense that (λ ⊗ id) • ρ = (id ⊗ ρ) • λ.
Define
and
where S is the antipode of A, while τ 132 is the map that sends a ⊗ b ⊗ c to b ⊗ c ⊗ a, and τ is the flip a ⊗ b → b ⊗ a. We will show that α is a right weakly multiplicative coaction, and that β is a left weakly multiplicative coaction.
Lemma 1.2
In the above notation, the maps α and β are right coactions.
Proof. We do the computations for α. The computations for β are similar. First, to show that α is a coaction, we have to show that (id ⊗ ∆) • α = (α ⊗ id) • α and that (id ⊗ ε) • α = id A . The commutativity assumption on λ and ρ make it possible to use the Sweedler notation. Note that in this notation, the formula for α is α(a) = (a) a 0 ⊗ a 1 S(a −1 ). Thus, (α ⊗ id) • α(a) = (a) a 0 ⊗ a 1 S(a −1 ) ⊗ a 2 S(a −2 ). Now, (id ⊗ ∆) • α(a) = (id⊗∆)( (a) a 0 ⊗a 1 S(a −1 )) = (a) a 0 ⊗∆(a 1 S(a −1 )) = (a) a 0 ⊗{∆(a 1 ) · ∆(S(a −1 ))} = (a) a 0 ⊗ {(a 1 ⊗ a 2 ) · (S(a −1 ) ⊗ S(a −2 ))} = (a) a 0 ⊗ a 1 S(a −1 ) ⊗ a 2 S(a −2 ), as required. Next, (id ⊗ ε) • α(a) = (id ⊗ ε)( (a) a 0 ⊗ a 1 S(a −1 )) = (a) a 0 ⊗ ε(a 1 )ε(S(a −1 )) = (a) a 0 ⊗ ε(a 1 )ε(a −1 ) = (a) ε(a −1 )a 0 ⊗ ε(a 1 ) = (a) a 0 ⊗ ε(a 1 ) = (a) a 0 ε(a 1 ) = a, as required. Thus, α is a coaction.
Proof. The proofs are similar to [4, Lemma 2.2] and [7, Proposition 1.1] . We give the proof for α, the proof for β is similar. Let a, b ∈ A and suppose that α(b) = b ⊗ 1. Then, α(ab) = (ab) (ab) 0 ⊗ (ab) 1 S((ab) − 
; so that α is right weakly multiplicative. Now, apply Lemma 1.1.
In [4, 6, 7] coactions that are not algebra homorphisms are constructed in this way, and their coinvariants are calculated. In [4] , for example, A = O = O(GL q (N)), and α, β are two possible quantum deformations of the conjugation coaction. Explicit generators and the structure of the two subalgebras of coinvariants were determined for the case when q is not a root of unity. The commutativity (and a vector space isomorphism) of these coinvariant subalgebras was explained recently in [2] ; it was shown to follow from the fact that O(GL q (N)) is coquasitriangular, and an interpretation of coinvariants via cocommutativity conditions (see Section 4). However, in [4] (and in [2] ) the connection between these two possible quantum deformations α, β of the conjugation coaction is not considered. This is done in the next section of this paper for coquasitriangular Hopf algebras.
The coquasitriangular case
Recall, from [10, 10.1.1] , that a bialgebra O is coquasitriangular if there exists a linear form r : O ⊗ O −→ k such that the following conditions hold: (i) r is convolution invertible with inverser :
The map r is known as a universal r-form of O.
In Sweedler notation, condition (i) is
and conditions (ii) and (iii) are
for a, b, c ∈ O. Here, we are thinking of r as a bilinear form O × O −→ k, and r(a, b) = r(a ⊗ b).
Proposition 2.1 Let O be a coquasitriangular Hopf algebra. Suppose that A is an algebra and that λ : A −→ O ⊗ A and ρ : A −→ A ⊗ O are algebra homomorphisms that are left and right coactions, respectively, and that λ and ρ commute. Suppose that α and β are defined as in the previous section. Then α and β are isomorphic coactions.
Proof. Let r be a universal r-form for O, with convolution inverser. Define
First we show that ψ is a vector space isomorphism, by giving an explicit inverse φ.
and, similarly, one checks that ψ(φ(v)) = v; so that ψ and φ are inverse linear transformations.
Next, we check that ψ intertwines with α and β; that is, α•ψ = (ψ ⊗id)•β. An equivalent condition to (ii) above is the requirement that [10, p332, equation (5) ]. Applying this with a = S(v −1 ) and b = v, and noting that ∆(
It is now easy to check that β • φ = (φ ⊗ id) • α and that v ∈ A is a β-coinvariant if and only if ψ(v) is an α-coinvariant.
In Section 4, we will see in examples that there is often a natural grading present on the algebra A, and that this induces a grading on the subalgebras of coinvariants for α and β. The maps ψ and φ respect these gradings, and so the subalgebras of coinvariants automatically have the same Hilbert series. However, the maps ψ and φ are not algebra homomorphisms in general (nor are their restrictions to the coinvariant subalgebras).
3 Coinvariant subalgebras are finitely generated Next, we identify conditions that will guarantee that the coinvariants of a weakly multiplicative coaction form a finitely generated algebra.
Recall that a Hopf algebra O is cosemisimple if any O-comodule decomposes as the direct sum of irreducible subcomodules, [10, 11.2.1 ]. An equivalent condition for O to be cosemisimple is given in terms of Haar functionals. 
Our aim is to show that for suitable left or right weakly multiplicative right coactions β of a cosemisimple Hopf algebra O the coinvariants of β form a finitely generated subalgebra.
Lemma 3.2 Let O be a cosemisimple Hopf algebra, with Haar functional h, and let V be a k-vector space such that β :
as required. (Note that the second equality is justified by the fact that β
β-co-O by (i); so the result follows by (ii). 
Then π is a left R-module epimorphism from A to R; that is, π(A) = R and π(ba) = bπ(a) for all a ∈ A and b ∈ R.
Proof. Parts (i) and (ii) of the previous lemma show that π(A) = R. Let b ∈ R and a ∈ A. Then
so that π is an R-module homomorphism.
The following proposition is well-known; we give a proof for completeness.
. is an N-graded subring of a right noetherian ring A. Suppose that there exist an epimorphism π : A −→ R of left Rmodules, such that π(A) = R and π(R 0 ) = R 0 . Then there exist homogeneous elements r 1 , . . . , r s ∈ R, of positive degree, such that R = u∈M uR 0 , where M is the multiplicative semigroup generated by 1, r 1 , . . . , r s . In particular, R = R 0 r 1 , . . . , r s as a ring.
A is a right ideal of the right noetherian ring A; so there are homogeneous elements r i ∈ R + , for i = 1, . . . , s, with
We claim that R = u∈M uR 0 , where M is the multiplicative semigroup generated by 1, r 1 , . . . , r s . Note that R 0 ⊆ u∈M uR 0 . Assume that n > 0 and that R m ⊆ u∈M uR 0 for each 0 ≤ m < n. Now
Let r ∈ R n . Then there exist r 0 ∈ R 0 and x i ∈ R with r = r 0 + s i=1 r i x i . Without loss of generality, we may assume that the x i are homogeneous and that each r i x i ∈ R n . Thus, for each i, we have x i ∈ R m for some m < n, since r i ∈ A + . By the inductive hypothesis, each x i ∈ u∈M uR 0 and the result follows. 
is a subalgebra of A that is finitely generated as a k-algebra.
Proof. Note that
Then π is a left R-module epimorphism, by Lemma 3.3. The result now follows from Proposition 3.4.
Remark 3.6
The obvious modification of Theorem 3.5 holds for a left noetherian algebra endowed with a right weakly multiplicative right coaction.
Coinvariants of quantum groups in FRT-bialgebras
Examples of coactions α, β studied in Section 1 are naturally associated to quantized algebras of functions on the simple Lie groups SL(N), O(N), Sp(N). Let us briefly recall their construction due to Faddeev-Reshetikhin-Takhtajan [15] ; see [10, Chapter 9] for a detailed presentation.
Take the free associative algebra
be the quotient algebra of C x ij modulo the two-sided ideal generated by
Since this ideal is generated by homogeneous elements (with respect to the standard grading of the free algebra), the algebra A(R) is graded, the generators x ij ∈ A(R) having degree 1. There is a unique bialgebra structure on A(R) such that
where δ ii = 1, and δ ij = 0 for i = j. Note that the comultiplication and the counit respect the grading. The bialgebra A(R) is called the coordinate algebra of the quantum matrix space associated with R, or briefly, the FRT-bialgebra. It is shown in [1] that if R is lower (or upper) triangular, then A(R) is a noetherian algebra. For the rest of this section we assume that q ∈ C * is not a root of unity, and that R is the R-matrix of the vector representation of one of the Drinfeld-Jimbo algebras U q (sl N ), U q (so N ) with N = 2n, U q 1/2 (so N ) with N = 2n + 1, U q (sp N ) with N = 2n. See [10, 9.2, 9.3] for the explicit formulae for R; for the case of sl N , the relations (3) will be given in Section 5, (9) . For each of these cases A := A(R) contains a distinguished central group-like element Q (for the case of sl N , Q is the quantum determinant, and Q is a quadratic element in the other cases, given explicitly in [10, 9.3.1]), such that the quotient bialgebra O := A(R)/ Q − 1 has a unique Hopf algebra structure. The Hopf algebra O is denoted by O(SL q (N)), O(O q (N)), O(Sp q (N)) in the respective cases, and is called the coordinate algebra of the quantum special linear group, orthogonal group, and symplectic group, respectively. Furthermore, O(O q (N)) contains a group-like element D (similar to the quantum determinant). The quotient Hopf algebra O(O q (N))/ D − 1 is denoted by O(SO q (N)), and is called the coordinate algebra of the quantum special orthogonal group (cf. [9] ).
From now on O stands for any of
, and π : A → O denotes the natural homomorphism from the corresponding FRTbialgebra. If q is transcendental over Q, then O is cosemisimple by [9] . The cosemisimplicity of O(SL q (N)) is known under the weaker assumption that q is not a root of unity, see [16] (or [13] combined with our Section 5). It is well known that the bialgebras A,
Set
Clearly λ is a left coaction, ρ is a right coaction, and both λ and ρ are algebra homomorphisms. Moreover, λ and ρ commute by the coassociativity of ∆. So we are in the setup of Section 1, and the formulae (1), (2) of Section 1 define the right coactions α and β of O on A. First we observe that the coinvariants can be interpreted independently from the coactions α, β as follows.
(ii) f is a β-coinvariant if and only if
Proof. This is a straightforward modification of the proof of [4, Theorem 2.1] and [3, Lemma 1.1].
As an application of our results, properties of the subalgebras of α-coinvariants and β-coinvariants in A are summarized in the following theorem.
, and let A be the corresponding FRT-bialgebra. Then Proof. (i) The coinvariants form a subalgebra by Proposition 1.3. This is a graded subalgebra, since the comultiplication on A is homogeneous.
(ii) Both A and O are coquasitriangular bialgebras. Moreover, by [10, 10.1.2, Theorem 9] we know that there is a universal r-form r on A which induces a universal r-form on O denoted by the same symbol r. Thus we have r(x, y) = r(π(x), π(y)) for x, y ∈ A.
Assume that a, b are γ-coinvariants, where γ is either α or β. Let T denote the identity operator on O when γ = α, and the automorphism S 2 of O when γ = β. Note that
by [10, 10.1.1, Proposition 2.(v)]. Then we have
by Proposition 4.1. Applying (π ⊗ id ⊗ id) • (∆ ⊗ id) to these equalitites we get
We have
by condition (ii) in the defining properties of r (see Section 2). By (5), (7), (8), (6) , and the defining property (i) of r,r in Section 2, the right hand side of the above equality equals
thus ab = ba for all γ-coinvariants a, b.
(iii) The additional assumptions on q ensure that O is cosemisimple. As we noted above, A is both left and right Noetherian by [1] , since the R-matrix is triangular. The homogeneous components of A are subcomodules with respect to α and β. Hence we may apply Theorem 3.5 to conclude that A α-co-O and A β-co-O are finitely generated graded subalgebras.
(iv) α and β are isomorphic coactions by Proposition 2.1; the map ψ in its proof is homogeneous on A, hence the restrictions N) ) and the corresponding FRT-bialgebra.
Remark 4.4
The above theorem was motivated by the main result of [4] . In that paper O = O(GL q (N)), the coordinate algebra of the quantum general linear group, A = O(M q (N)), the coordinate algebra of N × N quantum matrices, and π is the natural embedding of O(M q (N)) into O(GL q (N)). The main result of [4] is that if q is not a root of unity, then A α-co-O and A β-co-O are N-variable commutative polynomial algebras, with explicitly given generators. (This result implies the case of O(SL q (N)) of Theorem 4.2, as we shall show in Theorem 5.9.) Moreover, α and β extend to a coaction of the Hopf algebra O(GL q (N)) on itself, and the subalgebras of coinvariants can be explicitly described. It was observed later in [2] that the commutativity of these coinvariant subalgebras follows from the coquasitriangularity of O(GL q (N)), and the interpretation of the coinvariants in terms of certain cocommutativity conditions. The proof of statement (ii) in Theorem 4.2 is a modification of the proof of [2, Proposition 2.1].
Remark 4.5 Theorem 3.5 can be applied to conclude the finite generation property of various other subalgebras of coinvariants arising in this context. For example, the algebra A λ-co-O of λ-coinvariants and the algebra A ρ-co-O of ρ-coinvariants are also finitely generated, provided that O is cosemisimple. See also the problem studied in [7] .
There are unique right coactionsᾱ,β of the Hopf algebra O on itself such that π intertwines between α andᾱ, and π intertwines between β andβ. In Sweedler's notation we haveβ
Sinceβ is the formal dual of the adjoint action (see [12, p.36 ]), it is called the adjoint coaction of O; the versionᾱ was introduced in [4] . Recall that x ∈ O is cocommutative if N) ), and assume that q is transcendental over Q (or O = O(SL q (N)) and q is not a root of unity). Then each of the cocommutative elements and the S 2 -cocommutative elements in O forms a finitely generated subalgebra.
Proof. Since O is cosemisimple by our assumption on q, the subspace of α-coinvariants (respectively β-coinvariants) in A is mapped onto the subspace ofᾱ-coinvariants (respectivelyβ-coinvariants) under the morphism π of O-comodules. Moreover, π is an algebra homomorphism. So the statement follows from Theorem 4.2 and the above remark. 
O(GL q (N )) is a central extension of O(SL q (N ))
Over an algebraically closed base field, any element of the general linear group GL(N) can be written as the product of a scalar matrix and an element from SL(N). This and the centrality of scalar matrices imply a strong relationship between the representation theories of GL(N) and SL(N). Our aim is to establish such a link between the corepresentation theories of O(GL q (N)) and O(SL q (N)). By a corepresentation we mean a right coaction of a Hopf algebra on a vector space.
We work now over an arbitrary base field k, and q is a non-zero element of k. Recall that the FRT-bialgebra of O(SL q (N)) is O (M q (N) ), the coordinate algebra of quantum N × N matrices, which is the k-algebra generated by N 2 indeterminates x ij , for i, j = 1, . . . , N, subject to the following relations.
for 1 ≤ i < k ≤ N and 1 ≤ j < l ≤ N. The algebra O(M q (N)) is an iterated Ore extension, and so a noetherian domain. The quantum determinant, det q , is the element
The element det q is central in O(M q (N)) (see, for example, [14, Theorem 4.6.1]), and by adjoining its inverse we get the coordinate algebra of the quantum general linear group
The algebra O(GL q (N)) is a Hopf algebra, the comultiplication ∆ being given by ∆(x ij ) = N k=1 x ik ⊗ x kj . The ideal generated by (det q − 1) is a Hopf ideal of O(GL q (N)). The coordinate algebra of the quantum special linear group O(SL q (N)) is defined as the quotient Hopf algebra of O(GL q (N)) modulo the ideal generated by (det q − 1). Denote by π the natural homomorphism O(GL q (N)) → O(SL q (N)), and set y ij := π(x ij ).
The coordinate algebra of the multiplicative group of k is the algebra of Laurent
] is given by π Z (x ii ) = z for i = 1, . . . , N and π Z (x ij ) = 0 if i = j. This can be paraphrased by saying that the multiplicative group of k is a quantum subgroup of the quantum general linear group. Moreover, it is a central quantum subgroup in the following sense:
where
, the natural homomorphism with η(z) = ζ and
of Hopf algebra homomorphisms. The map π ζ is given explicitly by π ζ (y ii ) = ζ for i = 1, . . . , N and π ζ (y ij ) = 0 for i = j. Equation (10) implies
The relevance of the properties (10) and (12) is shown by Proposition 5.1 below. We state it in a general form. Let κ : O → C be a homomorphism of Hopf algebras such that
Assume that C is cosemisimple. Then C decomposes as a direct sum ϕ∈Λ C(ϕ) of simple subcoalgebras, where Λ is a complete list of irreducible corepresentations of C, and C(ϕ) is the coefficient space of ϕ (cf. [8] ). Any O-corepresentation ψ :
In other words, V ϕ is the sum of simple C-subcomodules of V on which the C-corepresentation is isomorphic to ϕ. In particular, O = ϕ∈Λ O ϕ , where
In particular, O ϕ is a subcoalgebra, and V ϕ is an O ϕ -comodule.
Proof. First we show that
with {a i } linearly independent, and ∆(
Write ψ(v) as a sum ψ(v) = ν∈Λ w ν with w ν ∈ V ν ⊗ O ϕ . By (13) we have
Thus u = ν∈Λ u ν , where
By combining (14) and (15) we conclude that
If we apply the result just proved for the corepresentation ∆ of O, we get that O ϕ is a subcoalgebra.
The Hopf algebra k[z, z −1 ] is the sum of one-dimensional subcoalgebras, hence it is cosemisimple, and all its irreducible corepresentations are 1-dimensional. Up to isomorphism, the irreducible corepresentations are
is cosemisimple, its irreducible corepresentations are indexed by Z/(N), the set of residue classes modulo N: withd ∈ Z/(N), the residue class of d modulo N, we associate the one-dimensional corepresentation 1
By Proposition 5.1, Vd is a subcomodule, moreover, it is an O(SL q (N))d-comodule. Let us introduce some terminology, based on on the above discussion. We say that an The tensor product of Hopf algebras becomes a Hopf algebra with obvious operations. Consider
We shall identify O(GL q (N)) with a Hopf subalgebra of B. The technical advantage of B is that the Z-grading
Moreover, we have the obvious Hopf algebra surjections
where ε denotes the counit map of the appropriate Hopf algebra. The second surjection can be used to define the right coaction (id
, and the grading on B can be reinterpreted in terms of this k[z, z −1 ]-coaction as in (16):
Proof. Both π and π Z are homomorphisms of Hopf algebras, hence so is π ⊗ π Z .
The only thing left to show is that ι is injective. Assume to the contrary that f is a nonzero element of ker(ι). Multiplying f by an appropriate power of det q we may assume that f ∈ O(M q (N)). Recall that B is a Z-graded algebra, and O(M q (N)) is also Z-graded, the generators x ij having degree 1. Since ι(x ij ) = y ij ⊗ z, the restriction of ι to O(M q (N)) is homogeneous. So all of the homogeneous components of f are contained in ker(ι). We may assume that f itself is homogeneous of degree d. Then 0 = ι(f ) = π(f )⊗z d , implying that π(f ) = 0. Thus f is a multiple of (det q − 1). This is a contradiction, because no non-zero multiple of (det q −1) in the domain O(M q (N)) is homogeneous. q (N) )) is the subalgebra of B generated by y ij ⊗ z (1 ≤ i, j ≤ N) and 1 ⊗ z −N . It is easy to see that B is a free O(GL q (N))-module of rank N generated by the central elements 1 ⊗ z i , i = 0, . . . , N − 1, but we shall not use this fact. As k-algebras, O(GL q (N)) and B are isomorphic by [11] , where ring theoretic properties of O(SL q (N)) are derived from this isomorphism. However, the algebra isomorphism [11] is not a morphism of coalgebras. To relate the corepresentation theories, we need the Hopf algebra morphism ι.
Remark 5.3 Clearly ι(O(GL
From now on we shall freely identify O(GL q (N)) with ι(O(GL q (N))). It is easy to check on the generators that π is the restriction to O(GL q (N)) of the map id ⊗ ε, and π Z is the restriction to O(GL q (N)) of ε ⊗ id. It follows from (17) that
Proof. By (11) we know that π d is a surjective coalgebra homomorphism. So we only need to show the injectivity. The restriction of id ⊗ ε to B d is clearly a vector space isomorphism
Let us record the following trivial observation.
Lemma 5.5 Let D be a subcoalgebra of a coalgebra C, and let ϕ : V → V ⊗ C be a corepresentation of C such that im(ϕ) ⊆ V ⊗ D, so V can be viewed as a D-comodule. Then a subspace W of V is a C-subcomodule if and only if W is a D-subcomodule. In particular, V is an irreducible (respectively indecomposable) C-comodule if and only if it is an irreducible (respectively indecomposable) D-comodule.
(ii) Let ϕ be an indecomposable O(SL q (N))-corepresentation of degree e ∈ Z/(N).
Proof. This is an immediate consequence of Proposition 5.4 and Lemma 5.5.
In particular, by Corollary 5. N) ), such that the restriction of ψ to O(SL q (N)) is ϕ (note that ψ is not uniquely determined). N) ), and consider its restrictionψ := (id ⊗ π) • ψ to O(SL q (N)).
(i) ψ is irreducible if and only ifψ is irreducible.
(ii) ψ is cosemisimple if and only ifψ is cosemisimple.
Proof. (i) It is trivial that the irreducibility ofψ implies the irreducibility of ψ. For the converse, observe that if ψ : V → V ⊗O(GL q (N)) is irreducible, then it is indecomposable, hence homogeneous of some degree d. In particular, it is an O(GL q (N)) d -comodule, and the result follows using the coalgebra isomorphism π d of Proposition 5.4, and Lemma 5.5.
(ii) Clearly ψ is cosemisimple (that is, V is the sum of simple subcomodules) if and only if its homogeneous components are cosemisimple. Thus we may assume that ψ itself is homogeneous. Then the result immediately follows from the coalgebra isomorphism in Proposition 5.4 and Lemma 5.5, as above. N) ) is cosemisimple. Actually, both of them are known to be cosemisimple if and only if q is not a root of unity, see [13] , [9] , [16] .
Next we draw a consequence on O(SL q (N))-coinvariants, extending to the quantum case the well known relation between relative GL(N)-invariants and absolute SL(N)-invariants. For the rest of the paper we assume that k = C, the field of complex numbers. As an application of Proposition 5.8, we deduce from the results of [4] an explicit description of the subsets of O(SL q (N))-coinvariants in O(M q (N)) and O(SL q (N)) with respect to the coactions α, β defined in Section 4.
Fix an integer t with 1 ≤ t ≤ N. Let I and J be subsets of {1, . . . , N} with |I| = |J| = t. The subalgebra of O(M q (N)) generated by x ij with i ∈ I and j ∈ J can be regarded as an algebra of t × t quantum matrices, and so we can calculate its quantum determinantthis is a t × t quantum minor and we denote it by [I|J] . The quantum minor [I|I] is said to be a principal quantum minor. We denote the sum of all the principal quantum minors of a given size i by σ i . Note that σ 1 = x 11 + · · · + x N N and that σ N = det q . Consider also the weighted sums of principal minors τ i := I q −2w(I) [I|I] , i = 1, . . . , N (here w(I) denotes the sum of the elements of I, and the summation ranges over all subsets I of size i).
Theorem 5.9 Assume that q ∈ C is not a root of unity. 
